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 2010 Elsevier Ltd. All rights reserved.1. Introduction
Rayleigh waves in classical elasticity may be regarded as a
superposition of two nondispersive inhomogeneous plane waves
with the same direction of propagation along the stress-free sur-
face of the half-space and direction of attenuation orthogonal to
the surface, equal phase speeds and different values of the atten-
uation coefﬁcients. Most of these characteristic features of Ray-
leigh waves do not remain valid when viscous and/or thermal
properties of the half-space are considered. Then the surface
waves are dispersive and it is possible to consider two different
cases of wave propagation: (i) waves of an assigned frequency,
(ii) waves of an assigned wavelength. The type of the surface
waves depends on initial conditions which we do not consider,
since we are interested in the stationary process that follows.
The wave solution for the displacement in the viscoelastic case
may be interpreted as a superposition of two inhomogeneous
plane waves (Currie et al., 1977; Currie and O’Leary, 1978; Ivanov
and Savova, 1993, 2005; Romeo, 2001, 2002). For each of them the
plane of constant phase and the plane of constant amplitude are
not orthogonal. The superposed waves have different directions
of propagation which are not parallel to the surface, different phase
velocities and attenuation coefﬁcient values. In the case of surface
waves of an assigned frequency the plane of constant amplitude
that corresponds to each of the superposed waves is not parallel
to the stress-free surface whereas for surface waves of an assignedll rights reserved.
nov), radianka@imech.imbm.wavelength the plane of constant amplitude is parallel to the
stress-free surface and moves to it with a constant velocity which
is different for each of the superposed waves. The planes of con-
stant phase of the superposed waves intersect the surface of the
half-space in one and the same straight line. This line moves par-
allelly to itself with a speed usually called the speed of the surface
wave. All these properties are valid for the unique surface visco-
elastic wave (we call it surface wave of Rayleigh type), which exists
when the four criteria for behaviour at inﬁnity, proposed by Ivanov
(1988), are adopted. If only the ﬁrst two criteria for behaviour at
inﬁnity, proposed by Currie et al. (1977) and Currie and O’Leary
(1978), are adopted, an additional surface wave could appear in
the case of viscoelastic waves of an assigned frequency. This wave
is quite different from the classical Rayleigh wave and we do not
consider it as a surface wave of Rayleigh type.
The displacement–temperature wave solution in thermoelastic-
ity and thermoviscoelasticity may be interpreted as a superposition
of three inhomogeneous planewaveswith the same properties as in
the viscoelastic case. In thermoelasticity (Chadwick and Windle,
1964; Atkin and Chadwick, 1981; Ivanov, 1988; Ivanov and Savova,
1996; Deschamps et al., 2000) there always exists a unique quasi-
elastic wave of an assigned frequency and a unique quasi-elastic
wave of an assigned wavelength. These waves are very similar to
the classical Rayleigh wave, but they are subject to damping and
dispersion. A unique quasi-thermal wave of an assigned frequency
exists only in the case of small and moderate values of the fre-
quency, whereas the unique quasi-thermal wave of an assigned
wavelength exists only in the case of moderate and large values
of the wavelength. These waves have very different properties,
since the disturbance is dominated by thermal diffusion and the
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It is perhaps worth recalling here that in classical elasticity the
additional two criteria (Ivanov, 1988) coincide with the classical
criteria for behaviour at inﬁnity and do not add additional restric-
tions. In thermoelasticity, these two additional criteria do not coin-
cide with the classical criteria, nevertheless they do not also add
restrictions on the behaviour of the surface waves at inﬁnity. It
means that they are satisﬁed due to the properties of the roots of
the secular equation. The paper by Deschamps et al. (2000) is de-
voted mainly on the inﬂuence of the mechanical properties on the
thermal wave in the case of waves of an assigned frequency. The
contribution of each elementary wave to the surface wave is ana-
lyzed in detail and experimental results are presented.
A unique quasi-viscoelastic surface wave (surface wave of
Rayleigh type) and only one quasi-thermal surface wave of an
assigned frequency exist in thermoviscoelasticity when the
adopted four criteria for behaviour at inﬁnity are satisﬁed (Iva-
nov and Savova, 2008). The detailed examination shows that
the quasi-viscoelastic wave exists for all values of the frequency
and for large values of the frequency this wave is very similar to
the surface wave in viscoelasticity. The quasi-thermal surface
wave exists only in the case of small and moderate values of
the frequency and for large values such a wave does not exist.
For moderate and large values of the frequency an additional
wave could appear. This wave satisﬁes only the ﬁrst two of
the adopted four criteria for behaviour at inﬁnity. It is quite dif-
ferent from the classical Rayleigh wave and we do not consider
it as a surface wave of Rayleigh type. For part of these frequen-
cies the quasi-thermal wave and the additional wave could even
exist simultaneously. Sharma and Chand (2005) investigate the
case when the half-space is subject to thermal loads on the sur-
face of the half-space and ﬁnite speed of heat propagation is as-
sumed. A comparison of the results for different theories of
generalized thermoelasticity and viscoelasticity is also presented.
This paper deals with the propagation of surface waves of an as-
signed wavelength on a thermoviscoelastic half-space. The motion
is governed by the linearized equations of isotropic and coupled
thermoviscoelasticity, where body forces and external heat sources
are assumed to be absent. The Neumann hypothesis, that the stres-
ses depend only on the viscoelastic deformation, is adopted. The
relation between thewavelength dependent complex Lamémoduli,
whose constant real parts, connected with the elastic properties of
the materials, and the constant relaxation times, connected to its
viscous properties, are discussed. The imaginary parts of the com-
plex Lamé moduli are considered for linear Kelvin–Voigt and Max-
well models. It is proved that in thermoviscoelasticity a unique
surface wave exists, which satisﬁes the adopted four criteria for
behaviour at inﬁnity and preserves the most characteristic features
of Rayleigh waves known in classical elasticity. This wave could be
considered as a superposition of three waves. The superposed
waves have different directions of propagation which are not paral-
lel to the surface, different phase velocities and attenuation coefﬁ-
cient values. The plane of constant amplitude that corresponds to
each of the superposed waves is parallel to the stress-free surface
and moves to it with a constant velocity which is different for each
of the superposedwaves.The numerical computations refer to some
typical values of the material and thermal constants when the half-
space is thermally insulated.2. Basic equations
Let the semi-inﬁnite body with mass density q occupy the re-
gion x3P 0, where Ox1x2x3 is a rectangular Cartesian coordinate
system. The displacement components are denoted by u1, u2 and
u3. The temperature change with respect to constant surroundingtemperature T0 is denoted by T. All of them depend on the coordi-
nates x1, x2, x3 and the time t. The motion is governed by the line-
arized equations of isotropic and coupled thermoviscoelasticity:
kþ lð Þuj;ji þ lui;jj  ð3kþ 2lÞaTT ;i ¼ q€ui;
kT ;ii  qce _T  ð3kþ 2lÞaTT0 _ui;i ¼ 0;
where external body forces and heat sources are assumed to be ab-
sent. Here , i denotes derivative with respect to xi and the super-
posed dot – time derivative, the constants k = k+ + ik and
l = l+ + il are the complex Lamé moduli which satisfy the follow-
ing inequalities
lþ > 0; 3kþ þ 2lþ > 0; l 6 0; 3k þ 2l 6 0;
aT – linear coefﬁcient of thermal expansion, c – speciﬁc heat at
constant strain, k – the thermal conductivity, all referred to the
material at its stress-free reference state. The Neumann hypothesis,
that the stresses depend only on the viscoelastic deformation, is
adopted. We also assume that ui and T are periodic and subject to
attenuation in time so that they depend on t only via the expres-
sion eipsvSt , where p is the wave number, taken to be real and
positive,
s ¼ x
pvS
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and x is the angular frequency.
For surface waves of an assigned wavelength we have (Currie
and O’Leary, 1978; Ivanov and Savova, 2007):
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for the Kelvin–Voigt material and
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for the Maxwell material, where b and g are the constant relaxation
times.
In the case of waves of an assigned wavelength it is a straight-
forward task to construct a surface wave solution if we substitute
the time derivative with ipsvS in the space–time dependent equa-
tions of thermoviscoelasticity:
ðkþ lÞuj;ji þ lui;jj  ð3kþ 2lÞaTT ;i ¼ qðpsvSÞ2ui;
kT ;ii þ iqcepsvST þ ið3kþ 2lÞaTT0psvSui;i ¼ 0:
ð4Þ3. Solution for surface waves of an assigned wavelength
We investigate the surface wave solution of Eq. (4) when it is
assumed that, during the motion, the boundary of the body x3 = 0
is stress-free and thermally insulated. This solution does not de-
pend on x2 and could be interpreted as a superposition of three dis-
persive inhomogeneous plane waves where
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and A is an arbitrary real or complex number. The following nota-
tions are used:
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From now on, we will write for simplicity x, y, z, instead of x1, x2, x3.
Then
Fn ¼ ðdðnÞz zþxttÞ þ ipðx aðnÞz z v ttÞ; n ¼ 1;2;3: ð8Þ
The wavelength Kn of the n-th superposed wave is equal to
2p=p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aðnÞ2z
q
. K ¼ 2p=p is the projection of these wavelengths
of the superposed waves on the x-axis, one and the same for the
three superposed waves and usually called the wavelength of the
thermoviscoelastic surface wave. The following notations have been
used
dðnÞz ¼ pRe
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ans2
p
; xt ¼ pv 0SImðsvSÞ;
aðnÞz ¼ Im
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ans2
p
; v t ¼ v 0SReðsvSÞ; n ¼ 1;2;3:
ð9Þ
where a3 = 1. The meaning of the quantities d
ðnÞ
z ; xt; a
ðnÞ
z and vt will
be considered later in this section. We assume for deﬁniteness here-
after that vt is positive.
The secular equation, which determines s and hence through
(1)1 the complex angular frequency x, can be stated as
ð2 s2Þ2 1 a1 þ a2  v20
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It is easy to see that the polynomial equation corresponding to the
transcendental equation (10) is of order 17 with respect to s. We
solve it numerically for different values of p, when the dimension-
less Lamé moduli k+/l+, l/l+ and k/l+ and the thermoelastic cou-
pling constant e are given. After that, it is necessary to verify which
of these roots are also roots of the transcendental equation. Actu-
ally, Eq. (10) corresponds to four transcendental equations, since
this equation contains the unknown s in three different square
roots, which are double valued functions. If we suppose that we
have ﬁxed one of the values of the square roots in Eq. (10), then
we shall obtain the other three transcendental equations if we
change the + signs in front of the three expressions with square
roots to +, , ; , +,  and , , + respectively. They correspond
to the second values of the square roots
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a1s2
p
;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a2s2
p
andﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p
. The same values of these square roots need to be used as
well in the expressions (5)–(9). We can obtain the solutions of Eq.(10) if the dimensionless Lamé moduli k+/l+, l/l+ and k/l+ are
constants and an arbitrarily ﬁxed value of p is chosen. Therefore,
if we know the viscous model, we can determine from (2) and (3)
the relaxation times b and g if the secular equation is solved with
these constant Lamé moduli. On the other hand it is not possible
to determine the dimensionless Lamé moduli l/l+ and k/l+ if
we know k+/l+ and the relaxation times b and gsince the relations
(2) and (3) depend on p and s. In this case it is not possible Eq.
(10) to be solved separately from the relations (2) and (3). In this
case we could seek an approximate solution of the problem chang-
ing slowly the dimensionless Lamé moduli in Eq. (10) which leads
to small changes of s and the relaxation times b and g since the rela-
tions (2) and (3) are continuous functions. The main problem here
is: from where to start this approximation if such starting point ex-
ists for the chosen viscoelastic model (Kelvin–Voigt, Maxwell or
more complicated model) and if this point is unique. In the paper
we consider the uniqueness problem only with respect to given
dimensionless Lamé moduli k+/l+, l/l+ and k/l+.
The plane of constant phase of the n-th superposed wave is gi-
ven by
x aðnÞz z ¼ v tt þ C1
at any particular time t and a constant C1. The phase speed is de-
ﬁned as
vn ¼ v t=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ aðnÞ2z
q
:
The quantities vt and v ðnÞz ¼ v t=aðnÞz represent the speed of the
points at which the plane of constant phase intersects the x- and
z- axes, respectively, and
an ¼  arctan aðnÞz ; 
1
2
p < an <
1
2
p
is the angle between the normal of the plane of constant phase and
the x-axis. Since vt is one and the same for each of the superposed
waves, their planes of constant phase for any ﬁxed t and C1 intersect
the surface of the half-space at one and the same line that moves in
the direction of the x-axis at a speed vt, usually called the speed of
the thermoviscoelastic surface wave of an assigned wavelength.
Planes of constant amplitude are given by
dðnÞz z ¼ xtt þ C2;
where C2 is a constant. Here d
ðnÞ
z are the attenuation coefﬁcients of
the points along the z-axis. Each of the planes of constant amplitude
is parallel to the surface z = 0 of the half-space and moves to it with
constant velocity mðnÞz ¼ xt=dðnÞz .
For the behaviour of the superposed waves at inﬁnity we accept
(Ivanov and Savova, 1996):
(i) The amplitudes of the superposed waves at a ﬁxed point of
the half-space do not increase with the time, i.e. xtP 0.
(ii) The amplitudes of the superposed waves decay exponentially
with the distance from the surface on any ﬁxed line parallel to
the z-axis, i.e. dðnÞz > 0. In thermoviscoelasticity an– 0
(n = 1,2,3) and superposed waves do not propagate along
the x-axis. Then it seems reasonable from the thermodynam-
ical point of view to accept that:
(iii) The amplitudes of the superposed waves do not increase for
any ﬁxed point on a plane of constant phase in the direction
of its propagation.
This means that dðnÞz zþxtt do not decrease for any ﬁxed point
on a plane of constant phase in the direction of its propagation.
It is fulﬁlled if
ð1þ aðnÞ2z Þxt  dðnÞz aðnÞz v t P 0:
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phase intersect the coordinate plane Oxz, are not parallel to the z-
axis since the superposed waves do not propagate along the x-axis.
If we like to preserve the property that the amplitudes of the points
of these lines on the planes of constant phase decay to zero with
distance from the surface of the half-space, we have to accept that:
(iv) The amplitudes of the superposed waves tend to zero with
distance from the surface for the points of the lines in which
the planes of constant phase at any ﬁxed time t intersect the
coordinate plane Oxz.
This criterion is fulﬁlled when the second one is satisﬁed since
dðnÞz zþxtt increases when z increases and t is ﬁxed. It is perhaps
worth recalling here that in classical elasticityxt and a
ðnÞ
z are equal
to zero. Then the criteria (iii) and (iv) coincide with the criteria (i)
and (ii) respectively and do not add additional restrictions.
All our numerical results show that the criterion for behaviour
at inﬁnity (iii) is also always satisﬁed in the case of thermovisco-
elastic surface waves of an assigned wavelength. Therefore this cri-
terion can be considered as a property of these surface waves.
Nevertheless we do not think it is reasonable to omit these two
additional criteria since they are necessary when we consider sur-
face waves of an assigned frequency and viscous properties are ta-
ken into account (Ivanov and Savova, 1993, 2008). In this case a
second surface wave of an assigned frequency could exist if these
two additional criteria are not satisﬁed. The difference is due to
the fact that despite that they satisfy one and the same secular
equation and boundary conditions the solutions are different as
it is mentioned above.
4. Numerical results
Numerical computations have been done with respect to differ-
ent values of the material and thermal constants. The detailed
examination shows that the surface wave of Rayleigh type exists
for all values of the dimensionless wave number. Since the results
are similar we restrict ourselves to show the following typical case:
the dimensionless complex Lamé moduli k+/l+, k/l+, l/l+
equal to 4/3, 2/3, 1/3 respectively and e
0
= 2/5 in the range
103 6 P 6 103, where P ¼ p=p00 is the dimensionless wave number.
Here
e0 ¼ ð3kþ þ 2lþÞ2a2TT0=q2cev 02T ; p00 ¼ qcev 02T =kv 0S:0.2
0.4
0.6
0.8
1
-3 -2 -1 0
log
D
1,
 D
3
Fig. 1. Dimensionless attenuation coefﬁcients of the superposed wavesFig. 1 represents the dimensionless attenuation coefﬁcients
Dn ¼ dðnÞz =p of the superposed waves along the z-axis as functions
of the dimensionless wave number. For two of the superposed
waves the attenuation is almost constant, whereas for the third
superposed wave it increases rapidly when the dimensionless
wave number tends to zero, i.e. wavelength tends to inﬁnity.
Fig. 2 shows the dimensionless speed Vt ¼ v t=v 0S along the x-axis
and the dimensionless attenuation coefﬁcient Xt ¼ xt=pv 0S with
time t as functions of P. The speed Vt has limits when P tends to
zero or inﬁnity, and they are equal respectively to the speed of
the surface wave of Rayleigh type in viscoelasticity when the pro-
cess is considered as adiabatic or isothermal respectively.
Fig. 3 represents the dimensionless speeds Vn ¼ v ðnÞz =v 0S of the
superposed waves along the z-axis as functions of the dimension-
less wave number. In this case two of the superposed waves have
limits when the dimensionless wave number tends to zero or inﬁn-
ity, whereas the speed of the third superposed wave increases rap-
idly when the dimensionless wave number tends to inﬁnity, i.e.
wavelength tends to zero. The dimensionless phase speed
Wn ¼ vn=v 0S of each of the superposed waves is shown in Fig. 4.
The speeds of these superposed waves have limits when the
dimensionless wave number tends to zero or inﬁnity. In this case
the speeds of two of the superposed waves vary between the
speeds of the surface wave of Rayleigh type in viscoelasticity when
the process is considered as adiabatic or isothermal respectively.
The speed of the third superposed wave tends to zero when the
dimensionless wave number tends to zero and tends to the isother-
mal speed of the surface wave of Rayleigh type in viscoelasticity
when the dimensionless wave number tends to inﬁnity, i.e. wave-
length tends to zero. Fig. 5 represents the dependence of the angles
an, n = 1,2,3, on the dimensionless wave number P. The angles a1
and a3 that correspond to two of the three superposed waves in
the surface wave are very small and one of them is positive,
whereas the other is negative, i.e. the angles of the normals of
the planes of constant phase with the x-axis are small, positive
and negative respectively, whereas a2 is small only for large values
P, and when P tends to 0 this angle tends to p/2. In viscoelasticity
the superposed wave corresponding to a2 does not exist. When
dimensionless wave number P is larger than 100 the characteristics
of the thermoviscoelastic surface wave are very closed to the cor-
responding characteristics of the viscoelastic surface waves in vis-
coelasticity nevertheless that the viscoelastic surface wave
contains two superposed waves, whereas the thermoviscoelastic
surface wave contains one superposed wave more due to the1 2 3
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1978 Ts.P. Ivanov, R. Savova / International Journal of Solids and Structures 47 (2010) 1972–1978thermal effect. Fig. 6 shows the dimensionless speeds Xn ¼ mðnÞz =v 0S
of the planes of constant amplitude along the z-axis as functions of
the dimensionless wave number. These speeds are negative which
shows that the planes of constant amplitude move towards the
stress-free surface.
In Fig. 7 are represented results for the real and imaginary parts
of the amplitudes A2 and A3 of the surface wave as functions of the
dimensionless wave number. For different values of P these ampli-
tudes are multiplied with different values of the common ampli-
tude multiplier A from Eq. (5) since the variation of these
amplitudes is very large but only the ratios between A, AA2 and
AA3 are important characteristics. The amplitude A2 and ImA3 are
very small compared with ReA3 for large values of P. It is clear from
Eq. (5) that the temperature T depends only on A2, whereas dis-
placement ui depends also on A3 and in this case the inﬂuence of
ReA3 is signiﬁcant.
5. Conclusions
Propagation of surface waves of an assigned wavelength on a
thermoviscoelastic half-space is considered. It is shown that a un-
ique thermoviscoelastic surface wave of an assigned wavelength
exist. This wave resembles the classical Rayleigh wave but is sub-
ject to damping and dispersion. The detailed examination shows
that this wave exists for all values of the assigned wavelength.
Its structure and thermomechanical characteristics are obtained
and compared with the properties of the viscoelastic and the ther-moelastic surface waves. For small values of the wavelength this
wave is very similar to the surface wave in viscoelasticity.
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